An analytical study is performed to explore the flow and heat transfer characteristics of nanofluid (Al
Introduction
The MHD boundary-layer flow of an electrically conducting viscous incompressible fluid with a convective surface boundary condition is frequently encountered in many industrial and technological applications such as extrusion of plastics in the manufacture of rayon and nylon, the cooling of reactors, purification of crude oil, textile industry, polymer technology, metallurgy, geothermal engineering, liquid metals and plasma flows, boundary-layer control in aerodynamics, and crystal growth, etc.
Nanofluid is inticipeted to describe a fluid in which nanometer-sized particles are suspended in conventional heat transfer base fluids to improve their thermal physical properties. Nanoparticles are made from various materials, such as metals (Cu, Ag, Au, Al, Fe), oxide ceramics (Al 2 O 3 , CuO, TiO 2 ), nitride ceramics (AlN, SiN), carbide ceramics (SiC, TiC), semiconductors, carbon nanotubes, and composite materials such as alloyed nanoparticles or nanoparticle core-polymer shell composites. It is well known that, conventional heat transfer fluids, such as oil, water, and ethylene glycol in general, have poor heat transfer properties compared to those of most solids. Nanofluids have enhanced thermophysical properties such as thermal conductivity. Thermal diffusivity, viscosity, and convective heat transfer coefficients compared with those of base fluids like oil or water. Owing to their enhanced properties, nanofluids can be used in a plethora of technical and biomedical applications such as nanofluid coolant: electronics cooling, vehicle cooling, transformer cooling, computers cooling, and electronic devices cooling. Medical applications: magnetic drug targeting, cancer therapy, and safer surgery by cooling. Process industries, materials, and chemicals: detergency, food and drink, oil and gas, paper and printing and textiles.
Common heat transport fluids such as water, ethylene glycol, end engine oil have limited heat transfer capabilities due to their low heat transfer properties. In contrast, metals have thermal conductivities up to three times higher than these fluids, so it is natural that it would be desired to combine the two substances to produce a heat transfer medium that behaves like a fluid, but has the thermal conductivity of a metal. A mixture of nanosize particle suspended in a base fluid is named nanofluid [1] . The broad ranges of current and future applications involving nanofluids have been given by Wong and Leone [2] . Many researchers [3] [4] [5] [6] [7] [8] [9] have studied and reported results on convective heat transfer in nanofluids considering various flow conditions in different geometries. A comprehensive study of convective transport in nanofluids was made by Buongiorno [10] . Kuznetsov and Nield [11] presented a similarity solution of natural convective boundary-layer flow of a nanofluid past a vertical plate. Abu-Nada and Oztop [12] investigated numerically the effect of a Cu-water nanofluid on natural convection heat transfer in an inclined cavity. They used the inclination angle as a control parameter for flow and heat transfer in the cavity.
In addition to magnetic field, one has to consider the effect of viscous dissipation on the boundary-layer flow since this has a direct influence on the heat transfer rate. Gebhart [13] was first to study the problem by taking into account the viscous dissipation and also defined the non-dimensional dissipation parameter. Pantokratoras [14] studied the effect of viscous dissipation in natural convection along a heated vertical plate. Makinde [15] studied the effect of viscous dissipation on boundary-layer flow over a moving flat plate for two types of water-based Newtonian nanofluids containing metallic or non-metallic nanoparticles such as Cu and TiO 2 . They observed that the viscous dissipation effect reduces the wall heat transfer rate and enhances the wall mass transfer rate.
The main motive of this paper to present an analytical solution by homotopy perturbation method (HPM), for a problem of nanofluid flows and heat transfer characteristics, over a linearly stretching porous sheet in the presence of radiation, ohmic heating, and viscous dissipation.
Formulation and solution of problem
Consider a 2-D forced convection boundary-layer flow of an incompressible viscous nanofluid over a stretching porous sheet, fig. 1 . The fluid flow is in the influence of viscous dissipation, radiation, ohmic heating and a uniform transverse magnetic field of strength, B 0 , (applied parallel to the y-axis). It is assumed that the induced magnetic field and the external electric field are negligible, the base fluid and the nanoparticles are in thermal equilibrium and no slip occurs between them. The flow is considered to be in x-direction which is chosen along the sheet and the y-axis normal to it. The sheet issues from a thin slit at the origin, it is assumed that the speed of a point on the plate is proportional its distance from the slit. Since the length of the sheet is supposed to be large hence fluid-flow extends to infinity, therefore, all physical variables are independent of x and hence functions of y only. The general equations governing the nanofluid flow are: 
where
, c p , and q r are horizontal co-ordinate, axial velocity, transverse velocity, temperature of the fluid, far field temperature, wall temperature, permeability of porous medium, electrical conductivity, magnetic field coefficient, specific heat, and radiative heat flux in y-direction, respectively.
The nanofluid properties such as the density, ρ nf , the dynamic viscosity, µ nf , thermal diffusivity, α nf , heat capacitance, (ρc p ) nf , and the thermal conductivity, k nf , are defined in terms of fluid and nanoparticles properties as in [16] : (1 )
where ρ f is the density of fluid, ρ n -the density of nanoparticles, φ -defined as the volume fraction of the nanoparticles, µ f -the dynamic viscosity of fluid, (ρc p ) f -the thermal capacitance of fluid, (ρc p ) n -the thermal capacitance of nanoparticles, and k f and k n -the thermal conductivities of fluid and nanoparticles, respectively. Considering the Rosseland approximation [17] for radiative heat flux, which leads to:
where σ′ is the Stefan-Boltzmann constant and k * is the mean absorption coefficient. If the temperature differences within the flow are sufficiently small such that T 4 may be expressed as a linear function of the temperature, then the Taylor series for T 4 about T ∞ , after neglecting higher order terms, is given by:
In order to solve eqs. (1)- (3), assuming the dimensionless parameters:
where f is a dimensionless stream function and η is the similarity variable. On applying the similarity transformation parameters and nanofluid parameters, the eqs. (1)- (3) with the boundary conditions (4) changes to:
here non-dimensional parameters are, radiation parameter N = k * k nf / 4σ′T
The HPM application:
Boundary conditions,
Here is a general non-linear differential operator and B is a bounded operator.
To construct a homotopy, the general non-linear operator is divided into two parts; linear, L, and non-linear, N. Hence the eq. (10) changes:
Homotopy that is constructed by He [18] [19] [20] [21] [22] [23] [24] [25] [26] :
where p is homotopy parameter [0, 1]. Homotopy for eqs. (7) and (8):
The approximation for each of f and θ in terms of the power series of homotopy parameter ρ is written: 
Substituting eqs. (17) and (18) into eqs. (15) and (16), and comparing the coefficient of like powers of p, the following equations are obtained: ; 
Solutions to these equations are: 
Results and discussion
The effects of parameters like volume fraction, porosity parameter, magnetic parameter, injection parameter over the velocity are presented in the figs. 2-5, and the graphical analysis of fluid temperature with respect to volume fraction, radiation parameter, Prandtl number, Eckert number and magnetic parameter is shown in figs. 6-11. Figures 2 and 3 represent the nanofluid velocity for nanofluids Al 2 O 3 and TiO 3 , respectively, vs. similarity variable, η, for different values of volume fraction, φ, and porosity parameter, K. It is observed that velocity decreases as φ or K increases for both nanofluids, which leads to thinning the momentum boundary-layer. The presence of a porous medium increase resistance to flow and thus reduces fluid velocity. An increase in volume fraction reduces the thickness of nanolayer and dilutes the nanofluid, resulting to reduce the velocity.
Figures 4 and 5 represent the nanofluid velocity for nanofluid Al 2 O 3 and TiO 3 , respectively, vs. η for different values of magnetic parameter, M, and injection parameter, m. The velocity increases with an increase in M or m for both nanofluids. As the magnetic parameter represents the ratio of magnetic injection to the viscous force, therefore, increase in the magnetic field parameter reduces the viscosity of the fluid, that enhances the velocity of the nanofluid. Also an increase in the amount of fluid injected, results in an increase in the velocity boundary-layer. The dimensionless temperature, θ, is plotted for nanofluid Al 2 O 3 and TiO 3 , respectively, against η for different values of φ and N, in figs. 6 and 7. It is seen that θ decreases as φ or N increases for both nanofluids. Increasing N reduces the effect of radiation (as radiation is inversely proportional to N), this may be explained by the fact that a decrease in the radiation parameter for a constant k * and T ∞ implies a decrease in the Rosseland radiation absorptivity, which induces to decrease the thermal boundary-layer thickness. The dimensionless temperature vs. η is drawn for different values of Eckert number to the nanofluids Al 2 O 3 and TiO 3 in figs. 10 and 11, respectively. The temperature increases with Eckert number till approximately η = 2.2, after this point θ reduces as Eckert number increases. Eckert number refers the quantity of mechanical energy converted via internal friction to thermal energy which is heat dissipation. Near to the wall, viscous dissipation dominates the heat transfer inside the thermal boundary-layer. Increasing Eckert number causes increase in thermal energy that contribute to heat the regime, and as the nanofluid moves, it changes the conduct and beyond the point η = 2.2 due to the reversal of heat flow between the surface and surrounding (the nanofluids), the opposite effect is noted, therefore the temperature reduces. This implies that more thermal energy is added to the fluid so that the heat is conducted from plate into the fluid. 
Conclusions
In the present work flow of an incompressible viscous nanofluid over a stretching porous sheet is taken into account. The governing equations are first transferred to similarity equations, then the obtained coupled equations are changed to recursive ODE by homotopy perturbed analysis method. Finally these equations are solved by using MATLAB. It is observed for both nanofluid (Al 2 O 3 and TiO 3 ) that: y Effect of porosity or volume fraction is to reduce the velocity boundary-layer. y Presence of magnetic field increases the velocity boundary-layer. y Increasing injection parameter enhances the velocity boundary-layer. y Effect of radiation is to heat up the flow regime, as ω = 1 + (4 / 3N). y Increment in Prandtl number or magnetic field extends the thermal boundary-layer. y Higher volume fraction results in thinner thermal boundary-layer. y Increase in viscous dissipation increases the thickness of thermal boundary-layer till a certain distance of the sheet η = 2.2 beyond this point the thermal boundary-layer become thin.
